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NONEXISTENCE OF ALMOST COMPLEX STRUCTURES ON THE PRODUCT 

52 ™ X M 

PRATEEP CHAKRABORTY AND AJAY SINGH THAKUR 


Abstract. In this note we give a necessary condition for having an almost complex structure 
on the product X M, where M is a connected orientable closed manifold. We show that if 

the Euler characteristic x(M) ^ 0, then except for finitely many values of m, we do not have 
almost complex structure on X M. In the particular case when M = CP",n yf 1, we show 

that if n ^ 3 (mod 4) then 5^"“ X CP” has an almost complex structure if and only if m = 1, 3. 
As an application we obtain conditions on the nonexistence of almost complex structure on Dold 
manifolds. 


1. Introduction 

Recall that an oriented manifold X has an almost complex structure (a.c.s. for short) if there is 
a complex vector bundle ^ such that the underlying real bundle of ^ is isomorphic to the tangent 
bundle tx of X as oriented bundles. 

It is well known [1] that the only even dimensional spheres admitting an a.c.s are and S^. 
The product of even dimensional spheres, x with m, n 0, has an a.c.s. if and only if 
(m, n) = (1,1), (1,3), (3,1), (1,2), (2,1) or (3, 3) (see, for example, [2] and [9]). In [IT], Tang showed 
that 5^™ X has an a.c.s. if and only if to = 1,3, and x CP^ has an a.c.s. if and only if 
TO = 1, 2,3. 

In this note we deal with the question of existence of an a.c.s. on the general product of the form 
g2m ^ where M is a connected orientable closed manifold of even dimension and to 0. We 
have the following main result. 

Theorem 1.1. IfS^"^xM has an a.c.s. then 2"^■{m—1)1 divides the Euler characteristic xM), 

where 2” is the highest power of 2 dividing to. 

In the special case when M = CP", we have the following result. 

Theorem 1.2. Let n > 1 and n ^ 3 (mod 4). Then x CP" has a.c.s. if and only if m = 1,3. 

We also observe that 5^ x CP^ has exactly two almost complex structures whereas x CP^ and 
S'^ X CP^ have infinitely many almost complex structures. As an application we obtain a result on 
the nonexistence of a.c.s. on Dold manifolds which strengthens the result obtained in [12]. 

For any real or complex vector bundle ^ over a ClF-complex X, we shall denote its stable class 
in KO{X) or K{X) by [^]. Let Vectn{X) be the set of all isomorphism classes of n-rank complex 
vector bundles over X. One of the stability properties of vector bundles over X is that if X is of 
dimension 2n then the map Vectn{X) K{X) which takes the complex vector bundle ^ to its stable 
class [^] is bijective (see [T] Chapter 9, Theorem 1.5]). If p : K{X) KO{X) is the realization map 
then the proof of our result is based on the following theorem. 
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Theorem 1.3. ([9l Theorem 1.1] and m Lemma 1,1]) ^ 2n-dimensional connected oriented man¬ 
ifold X admits an a.c.s. if and only if there exists an element a S K{X) such that p{a) = [tx] and 
nth-Chern class Cn{a) equals to the Euler class e(X). □ 

In this note, if X is a complex manifold then the holomorphic tangent bundle of X will be denoted 
by Tx- All the manifolds M we consider here will be connected, closed, orientable and of dimension 
2 n. 


2. Almost complex structures on 5'^’" x M 

We first fix our notations. Let v be the canonical complex line bundle over S^. Let g = {v — 1) G 
K{S'^) be a generator. Then by the Bott-Periodicity, G is a generator. We fix the 

generator ym G Z) such that the total Chern class c{g"^) = 1 + (m — 1)! • ym- The Bott 

Integrability Theorem [T] Chapter 20, Corollary 9.8] says that for any a G the top Chern 

class Cm(a) is divisible by (m — 1)!. (Here divisibility is in the sense that Cm(a) = (m — 1)! • a for 
some a G Z)). 

In the following proposition we shall give a condition on the Chern classes of any vector bundle 
over the smash product A M. 

Proposition 2.1. For an element a G K{S^'^ A A/), each Chern class Ci{a) is divisible by (m— 1)!. 

Proof. Let a G A M). Then by the Bott-Periodicity, a = g^ ® [fd — n) for some complex 

vector bundle /3 of rank n over M. Let c{/3) = 0^(1 + ^k) be the formal factorization obtained by 
using the splitting principle. As in the proof of Lemma 2.1(2) [10], we can formally write the total 
Chern class of a as follow 

c{a) = c{g^ (Si {fd — n)) 

= + + ( 1 ) 

= 1 + (m - 1)! . 2/^(E.>i(-l)“r+r') (Efc 4))- 

The last equality in Equation [T] is due to the fact that = 0. The summation J2k be 

expressed as a polynomial in Chern classes of jd with integer coefficients (by Newton-Girard formula). 
From here it is clear that each Chern class Ci{a) is divisible by (m — 1)!. □ 

Next we shall obtain conditions on Chern classes of any element in K{S^'^ x M). Consider the 
following split exact sequence 

0 ^ A M) ^ xM)^ © k{M) 0. 

Hence any element a G x M) can be written as a = oi + 02 + 03 , where oi G A M), 

02 G and 03 G K{M). In the following proposition we choose an orientation on x M. 

Proposition 2.2. For any a G K{S^™ x M), all the Chern numbers of a are divisible by (m — 1)!. 

Proof. Let a = ai + 02 + 03 be as described above. Let the total Chern class c(ai) = I + ymXi + 

ymX 2 H-h ymXn, 0 ( 02 ) = 1^+ by^ and 0 ( 03 ) = I + 21 + Z 2 H- \-Zn where Xi, Zi G and 

b is an integer. Since oi G A M), by Proposition 12.11 it is clear that each ymXi is divisible 

by (m — 1)!. Also since 02 G A'(S'^’”), by Bott Integrability Theorem, we have that b is divisible by 
(m — 1)!. Now the proof of the proposition follows easily. □ 
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To prove our main result consider the following commutative diagram 

K{S‘^^xM) = K{S‘^"^AM) © © K{M) 

P P P P 

^( 52 ™ xM) = © ^(M) 

In view of Theorem II .31 if a G x M) gives an a.c.s. on 5^’” x M then p{a) = [Ts^m^j^] and 

the top Chern class Cm+n{o) = e(5'^'" x M). If we write a = Oi + 02 + 03 then using the fact that 
[t-s^-xm] = [tm], we have p(ai) = 0, ^(02) = 0, ^(03) = [tm]- 

Proof of Theorem 11.11 Suppose a G K{S'^"^ x M) gives an a.c.s. on x M. From Proposition 
and as Cm+n{a) = x M), it follows that (m — I)! divides x M). Hence in the case 

when m is odd, the proof of the theorem is complete. 

Next assume that m = 2p. As above we write a = oi + 02 + 03 . First observe that the realization 
map p : K{S‘^p) -a KO{S^p) is injective, and since ^( 02 ) = 0, we have 02 = 0. Next note that 
p{ai) = 0 and this implies that oi + ^ = 0. Hence 2 c 2 i(ai) = 0 for i > 0 as the non-trivial 
cup-products in the cohomology of the smash product A M are zero. Therefore the top Chern 
class 

C2p+n{a) = ^ C2*+l(ai)Cj(o3). (2) 

2z+l+j—2p+n 

Now consider the element a'l G K ( 5 ' 4 p-i -2 given as a'l = 5 © oi. We can write ai = (Si{(3 — n) 

for some complex vector bundle /3 of rank n over M and let c(ai) = 1 + y 2 pXi + y 2 pX 2 H— • + y 2 pXn- 
Then as in the proof of Proposition 12.11 the total Chern class of a'l will be 

c{a\) =c{g^ai) = 1 + y2p+iCP^{2p + i)xi). 

i>l 

Since a'^ G AM), by ProDOsition l2.Il we have that each {2p + i)y 2 p+iXi is divisible by (2p)!. 

This immediately implies that (2p)! divides (2p + i)y 2 pXi. Hence for each odd i, {2p)\ will divide 

(YliA + j)) ■ y2pXi, 

3 

where the product varies over odd j and 1 < j < n. Hence by Equation!^ we have that {2p)\ divides 

{Y[{2p + j))-xiS^^^M), 
j 

where j is odd and 1 < j < u. Now the proof of the theorem follows from the fact that {2p — 1)! 
divides x M). □ 

From Theorem lI.il we can observe that for a given M with x(M) ^ 0, except for finitely many 
values of m, we do not have a.c.s on 5'^’" x M . In particular we have the following corollary whose 
proof follows immediately. 

Corollary 2.3. Let x{^) ^ 0 (mod 4) or x(Af) he a power of two. Then x M does not have 
an a.c.s. for m yf 1, 2, 3. □ 

The restriction on m in Corollary 12.31 is the best possible as we know that x CP”, 5® x CP", 
X S'^ and S'^ x CP^ (see Example 13.101 below 1 admits an a.c.s. 
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3. Almost complex structure on x CP” 

In this section we shall deal with the case when M is a complex projective space CP". By 
Corollary 12.31 we know that in the case when n ^ 3 (mod 4) or n + 1 = 2^ for some fc > 0, the 
product 5'^'" X CP" does not admit a.c.s. for m ^ 1, 2 and 3. We shall prove that if n ^ 3 (mod 4) 
and n > 1 then S* x CP" also does not admit a.c.s. 

Let H be the canonical line bundle over CP". Let x = ci{H) G iL^(CP";Z) be a generator. Let 
T] = H — 1 G Ar(CP") and r = [n/2]. For a G and {3 G Ar(CP") we shall write the external 

product a(g>/3 S Ar(5'^’" ACP") as a/3. In view of Lemma 3.5 [1] we have the following lemma whose 
proof follows from the Bott-Periodicity. 

Lemma 3.1. Each of the following system of elements form an integral basis of A CP"). 

(i) g'^viv + fj), ■■■, g^r]{r] + g'^ig + fj), g'^ig + ff)"^, ■■■, g^ij] + gY, and also in 

case n is odd, g^g^''^^ = g"^g{g + gY; 

(a) g'^g, g'^gig + g), ■■■, g'^g{g + ??)""\ g'^ig - g), g'^{g - g)ig+ g), ■ ■ ■, g"^{r] - g){g + gY~~^, 

and also in case n is odd, g'^g^''~^^ = g^g{g + g)^ ■ □ 

Let Wk = — 1) — g'^{H^ — 1) € A CP"). Similar to Proposition 4.3 [13], we have 

the following three propositions. 

Proposition 3.2. Let m = 1,3 (mod 4). Then the kernel of the realization map p : K{S^'^ A 
CP") -G KO{S'^'^ A CP") is freely generated by wi,W 2 , • • • , Wr- 

Proof. It is clear that all wYs are in the kernel of the realization map. Further it can be proved 
using the the fact that g = —g in K[S‘^) and using induction on k that 

g'^i.g 3- g)^ = Wk + (linear combination of ici, • • • , Wk-i). 

_ __2771 

Now using the structure of AO (CP") (see [5]) and the fact that the Q-linear map 
p®Id: k{S‘^”^ A CP") ( 8 >z Q ^ kd{S^^ A CP") Oz Q 
is surjective, we can see that wi, - ■ ■ ,Wk freely generates the kernel of p. □ 

For next two propositions we first note that if m is even then 

g'^{g — g){g + gY~^ = Wk + (linear combination of wi, ■ ■ ■ ,Wk-i), 

whose proof can again be given using induction on k. Next consider the following commutation 
diagram, 

A(5'2'" a 5*2")-^ A(S'2'" a CP")-> A(S'2’" a CP"-1) 

p p p 

kd{s^'^ A 5 ' 2 ") ^ kd{s^^ A CP") ^ kd{s^^ a cp"-i) 

Now the proof of the following two propositions follow from the fact that the realization map 
p : K{S^^) -G KO{S^^) is nonzero for I Y 3 (mod 4). 

Proposition 3.3. Let m = 0 (mod 4). Then the kernel of the realization map p : A(S'^’" ACP") —>■ 
KO{S'^^ A CP") is freely generated by 

(1) wi,W 2 ,--- ,Wr when n is even; 

(2) wi,W 2 , - ■ ■ ,Wr, g^g"', when n = 3 (mod 4); 
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(3) wi,W 2 , • ■ • Wr,‘2‘g^rf', when n = 1 (mod 4). □ 

Proposition 3.4. Let m = 2 (mod 4). Then the kernel of the realization map p : ACP") —>■ 

KO{S‘^‘^ A CP”) is freely generated by 

( 1 ) wi,W 2 ,-'‘ jWr when n is even; 

(2) wi,W 2 ,-■ ■ iWr^g'^ff', when n=\ (mod 4); 

(3) wi,W 2 , - ■ •Wr,2g"^g^, whenn = 2> (mod 4). □ 

Next we shall describe the Chern classes of elements in the Kernel of the realization map p : 
A CP") —>■ KO{S‘^™ A CP"). Using Lemma 2.1(2) [lUj and by the fact that yf^ = 0, we can 
easily compute the total Chern class of Wk- When m is even then 

c{wk) = 1 - (m- 1 )! ■ . 

i>l ^ ^ ^ 

When m is odd we have 

c{wk) = 1 + (m - 1 )! 

Z>1 ^ / 

To compute the Chern class of € K{S^‘^ A CP"), consider the following exact sequence 

0 ^ A S'2”) ^ K(S'2'" a CP") ^ K(S'2'” a CP"-^). 

The element G K(S'^'"ACP") is a generator of the kernel of the last map in the above sequence. 
Hence the total Chern class of (/'"ry" is as follows: 

c{g^g^) = 1 ± (to + n — 1 )! ■ j/ma:" 

= l±(TO-l)!-n!-(’"+"->™x". 

We have the following proposition whose proof follows from the above discussion. 

Proposition 3.5. The total Chern class of any element in the kernel of the realization map p : 
A CP") —>■ KO{S^"^ A CP") is of the form 


( 1 ) 1 + 2 • (to - 1 )! • [X)i>i ^){Y^l^-^^bkk^^)ymX^^], when m is odd. 

( 2 ) 1 - 2 ■ (to - 1 )! • bkk'^'‘~^)ymx'^"~^], when m,n are even. 

(3) 1 - (to - 1)! ■ [2j:l+l ± • nl ■ br+iy„^x-], when 

TO = 0 (mod 4) and n = 3 (mod 4), or to = 2 (mod 4) and n = 1 (mod 4). 


(4) 1 - 2 . (to - 1)! • [ ES (ELi ± ('"+"-!) . n! • , when 

TO = 0 (mod 4) and n = 1 (mod 4), or to = 2 (mod 4) and n = 3 (mod 4), 


/or &i, & 2 , • • • , &r, &r+i G Z. □ 

Remark 3.6. In the above proposition, using that the fact that a binomial coefficient (®) is even 
if s is even and t is odd, one can see that if m is even and n > 1 then for any oi G A CP") 

such that p{ai) = 0 we have that 4 • (to — 1)! divides each Chern class Ci{ai). 
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Proposition 3.7. If x CP" has a.c.s. then 2 • {2p — 1)! divides x(CP") = (n + 1). 

Proof. Suppose a £ K x CP”) gives an a.c.s. on 5 "^^ x CP” with a = Oi + 02 + 03. As we argued 
in the proof of Theorem ll.il we have = 0. By Remark 1 3.6 1 we have that if n > 1 then 4 • (2p — 1)! 
divides each Chern class Ci{ai). Hence in the case n > 1, we have that 4 • (2p— 1)! divides the Euler 
characteristic x CP") = 2(n + 1). In the case when n = 1, we know that x CP^ has a.c.s 

only when p = \. This completes the proof of the proposition. □ 


Next we recall that for any element 03 € Ar(CP”) such that p{af) = [tcp"], the total Chern class 
of 03 has been described on p.l30 of [13] as 


c(a3) 


(l-x)"+i(l±(n-l)!a;")"‘^’-+i 


n ( 

l<fe<r 


1 + kx\‘^>= 

1 — kx) 


(3) 


where dfs are integers and 

u = 0 if n is even, 

= 1 if n = 3 (mod 4), 

= 2 if n = 1 (mod 4). 

We remark that there is a typographical error in the signs in the first two products of the right hand 
side of Equation|3|as expressed in [T3]. For example one can easily compute 0 ( 77 ") = (1 + (n — l)!a;”) 
when n = 1 ,3 whereas c(rf') = (1 — x"^) when n = 2 . 

We know that S'^'” x CP^ has a.c.s. if and only if to = 1,2 and 3. Next we give the proof of 
Theorem 11.21 


Proof of Theorem [TT^ First note that x CP", x CP” have a.c.s. By Corollary 12.31 and 
Proposition 13.71 only thing that remains to complete the proof of the theorem is to show that for 
9 > 0 there is no a.c.s on x CP'^'^'*'^. Suppose a £ K{S‘^ x CP'^'^'*'^) gives an a.c.s. on S‘^ x 
with a = Cl + 02 + 03 . As observed in the proof of Theorem ll.il we have 02 = 0. The total Chern 
class of tti is given in (3) of Proposition 13.51 as 

2(j+l 2q 

c(ai) = 1 - 2 ^ 27(^ bkk'^'^~^)y 2 x‘^"~^ ± {Aq + 2 )! • b 2 q+iy 2 x'^‘^^^ 

i—1 k—1 

where bfs are integers. The total Chern class of 03 as described in Equation [3] is as follows 
c(a3) = (l-a;)4«+2(l±(4g)b4«+i)2'^=«+^ J] 

l<k<2q 

where dj’s are integers. After simplifying we can write 

cw = i + x;('“'+y» + .4 

i—1 ^ ' 

where A is a polynomial in x with even coefficients. As c(o) = 0(01)0(03), the top Chern class 
049 + 3 ( 0 ) = (-2 ^ 2 i f j ^ + h)y2x‘^‘^^^ 


where h is a multiple of 8 . We shall next prove that the coefficient 

29+1 

hk := -2 5^ 2z( 


,y4g + 2V2.-i 


2i 


( 4 ) 
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of bky 2 X^‘^'^^ in Equation |4] is a multiple of 8 . Clearly, when k is even then hk is a multiple of 8 . 
Next consider the case when k is odd. Consider the following equality. 


(4Q + 2)(l + fc)4«+i= ^ + 


As k is odd, the left hand summation is a multiple of 4. The right hand summation can be decom¬ 
posed into three parts as follows: 


Y^2g-|-l 

2 ^ 2=1 




T.U 


+ (4g-2j + 3)fc49-2j+2 


The middle term in the above summation is a multiple of 4. To see that ( 2 ^+ 1 ) is a multiple of 4, 
we write 

(Aq + 2\ (4g + 2)(4g + l) /4q\ 

V 2 g + l) {2q + 1)2 ^ 2 ?; 

and use the fact that ( 2 ®) is even which can be seen from the following equality 

iq 

249 = (1 + 1)49 = 

i =0 

This completes the proof that each hj- is a multiple of 8 . Since a gives an a.c.s. on S'4 x CP49+i, 
the top Chern class 045 + 3 ( 0 ) is multiple of 8 . This implies that 8 divides the Euler characteristic 
2 ( 4(7 + 2). But this is a contradiction. Hence there is no a.c.s. on S'4 x CP 49 +i, This completes the 
proof of the theorem. □ 

The above construction helps us to give an explicit way to obtain almost complex structures on 
S 2 m ^ values of m and n. In particular when m = 2 and n = 3 we show that S4 x CP^ 

has infinite number of almost complex structures. We fix an orientation on S^"* and CP" such that 
g(^ 2 m) _ —2y^ and e(CP") = (—l)"(n + l)a:". We fix an orientation on S^"* x CP" arising by 
taking the orientation on each factor. 

Example 3.8. Let to = 1 and n = 1. Prom Proposition 13.21 and 13.31 we get that a = ai + 02 + 03 G 
Er(S^ X CP4) gives an a.c.s. on S^ x CP^ = S^ x S^ if and only if there are integers di, ^2 such 
that ai = 0, 02 = 2diri and 03 = [Tcpi] + 2 ^ 27 ? and 02 ( 0 ) = e(S^ x S^) = {—2yi){—2x) = Ayix. This 
gives the equation 

4di(d2 - 1) = 4, 

which has the following two solutions: di = 1, 1^2 = 2 and di = —1, d 2 = 0. Therefore we have 
the following two possibilities: a = 2rj + [Tcpi] + Ay and a = —2r] + [Tcpi]. By stability property, 
we thus have that there are exactly two non-isomorphic a.c.s. on S'^ x CP^. Hence the only two 
almost complex structures are T 52 0 Tcpi and T 52 © T^pi. Here Tg 2 is complex conjugate bundle of 
T 52 and [Tcpi] = [Tc+i] + 477 . We note here that if we change the orientation on S'^ x S^, a similar 
argument will say that again it has exactly two almost complex structures which will be given by 
Ts 2 © Tcpi and fs 2 © Tcpi ■ The existence of exactly two almost complex structures on x was 
also observed by Sutherland in [9]. 

Example 3.9. Let to = 1 and n = 2. As in Example l3.81 an element a G K{S^ x CP^) gives an a.c.s. 
on X CP^ if and only if there are integers bi, di and ^2 such that ai = bi{g{H — 1) — g{H — 1)), 
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02 = 2dir], 03 = [Tcp^] + d 2 {H — H) and 03 ( 0 ) = — 6 yix^. This gives the following equations 

+ di(— 4(^2 + 4(‘^^) + 3) = —3 when (i 2 > 0 

bi + di{— 8 d 2 + 4 (~ 2 ^) + 3) = —3 when d 2 < 0. 

Clearly, we shall get infinite number of solutions of the above equations and by stability property, 
we have infinite number of almost complex structures on x CP^. The solution 61 = 0, di = — 1 
and ^2 = 0 corresponds to the a.c.s. given by the holomorphic tangent bundle Tg 2 ©Tcp^- Similarly, 
if we change the orientation on 5^ x CP^, we shall again get infinite number of almost complex 
structures. 

Example 3.10. Let m = 2 and n = 3. Going along the same line of arguments as we did in last 
two examples we observe that number of almost complex structures on x CP^ is in one to one 
correspondence with the number of solutions of the following equation 

61(4 — 3di + + 3162 = —1 when di > 0 

61(4 — 5di + 2[~^^)) + 3162 = —1 when di < 0. 

For each fc £ Z, by taking bi = —7 + 6 k, b 2 = 1 — k and di = 1 we get infinite number of solutions of 
the above equation and thus this gives infinite number of almost complex structures on x CP^. 
Again the reverse orientation on x CP^ has infinite number of almost complex structures. We 
remark that the existence of an a.c.s. on x CP^ also follows from Theorem 2 of [B] and this was 
observed by Tang in HI]. 

We end this section with a result on nonexistence of a.c.s. on the Bold manifold D{m,n). It 
is known (see m) that D{m,n) is orientable if and only if m + n is odd. So an even dimensional 
orientable Bold manifold is of the form D{2p,2q + 1) for some p,q > 0. By considering the 2- 
fold covering map x ^ D{2p,2q + 1), we note that the nonexistence of an a.c.s. on 

X will imply the nonexistence of an a.c.s. on D{2p, 2q+ 1). We have the following result. 

Theorem 3.11. Let p > 0. Then D{2p, 2q + 1) has no a.c.s. if one of the following is true 

(1) p is odd. 

(2) p = 0 (mod 4) and {q + 1) is not a multiple of 2'’“^ • {p — 1)!, where 2’" is the maximum 
power of 2 dividing p. 

(3) p = 2 (mod 4) and {q + 1) is not a multiple of {p — 1)!. 

(4) p = 2 and q is even. 

Proof. Statement (1) follows from Theorem 3.2 of [T^]. The proof of statements (2), (3) and (4) 
follow from Theorem 11.11 Proposition 13.71 and Theorem 11.21 respectively. □ 

From the above theorem it is clear that D{2p, 2q + 1) does not admit an a.c.s. if p is odd or q is 
even. 

Acknowledgement: We are grateful to Aniruddha Naolekar for several valuable discussions and 
useful comments. 
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